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Abstract 



1-^ The contextuality and noncontextuality notions are considered in framework of probability represen- 

•T^ tation of quantum states. Example of qutrit states and violation of the noncontextuality inequalities 



are presented by using the spin tomogram and tomographic symbols of the observables. 
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cn 1 Introduction 



The quantum correlations of composite systems can be explicitly demonstrated if the systems are in 

entangled states. For example, for the qubits the violation of Bell inequalities [I] provides the essential 

^s difference of the correlations in separable and nonseparable states. For systems which are not composed 

cn ones the example of quantum correlations is given by violation of other kinds of inequalities f^-p] . 

'^ These inequalities correspond to relation of marginal probability distributions of subsets of random 

>>■ variables with joint probability distributions creating the marginals. It is known that there exist the 

K> distributions of a few random variables which can not be obtained as marginals expressed in terms of the 

^ joint probability distributions of many random variables. Such relations of the distributions are usually 

called "contextuality" |2l^. If the distributions of a few random variables can be obtained as marginals 

of the joint probability distribution one says that we have noncontextuality situation. Examples of 

contextuality, corresponding to random variables are known for the case of quantum states and related 

to the state properties of the set of quantum observables (3l[4] . 

Recently |10[|11| new formulation of quantum mechanics was suggested. In this formulation quan- 
tum states are identified with fair probability distributions (called usually quantum tomograms). The 
quantum observables are identified with the tomographic symbols of the corresponding hermitian opera- 
tors. In the tomographic probability representation the formalism of considering the statistics of classical 
and quantum observables has the common basis which is related to standard notions and tools of the 
probability theory. 



The aim of our work is to consider the contextuahty property of quantum measurements in the 
probabihty representation of quantum states. We reformulate some of the results (4lu] identifying both 
the states and normalized projectors with tomographic probability distributions. 

The paper is organized as follows. In section 2 the entropic noncontextual inequalities are discussed. 
In section 3 the spin-tomogram is reviewed. In section 4 some of the noncontextual inequalities are 
discussed in framework of spin-tomographic probability representation of quantum mechanics. In section 
5 another view on joint probabilities is presented and in section 6 unitary tomograms are discussed. 
Section 7 contain summary of the work. In Appendix some details of used formulas are given. 

2 Noncotextuality inequalities in quantum systems 

First of all, let us review some facts from contextuahty approach. Noncontextuality definition reads: 
the system with A^ random variables is noncontextual, if there exists a joint probability distribution 
P{Ai, A2, . . . , Ai\f). Otherwise, it is contextual. From general considerations and existence of this prob- 
ability distribution, there can be derived several inequalities, which violation shows contextual character 
of systems. These inequalities can be applied to quantum systems. 

We assume that for random variables considered below there exists joint probability distribution and 
the means, variances and covariances are calculated in view of standard formalism of probability theory. 

Klyachko-Can-Binicioglu-Shumovsky [s] inequality works for 5 random variables with outcomes 1 and 
-1 and it reads: 

(^1^2) + (^2^3) + (^3^4) + (^4^5) + (^5^1) > -3. (1) 

For quantum systems in next example means, variances and covariances are calculated by using formalism 
of density operator. Thus, in three-dimensional Hilbert space and specially taken 5 real vectors and a 
real state, this inequality is sometimes called pentagram inequality and looks like 13]: 

{SlU + {Slh + {Slh + {Slh + {Slh > 3, (2) 

where the vectors li _L /j+i for i = 1, . . . , 4 and ^5 _L /i. The operator Si = (J, Ik)'^, where the components 

Ik 

of vector J are generators of rotation group. 

The inequality M was generalized p\ for N measurements: 

N-l 

ix) = Y. i^i^i+i) + i-lf^'iANA,) > -{N - 2). (3) 

In case of odd A^ > 4 the minimal possible quantum mean value {x) for three-dimensional system is 

Qtv = 1+^ (tt/n) — • ^^ *"^^^ °^ even A^ > 4 minimal (x) is Htv = —N cos{'k/N) for four-dimensional 

system and (—1 + Hat.i) for three-dimensional system with observables, that can be proportional to 
identity or Ai = it^j+i. These quantum mean values violate the above inequality. 

There exists another inequality called Peres-Mermin inequality and it is based on relations between 
9 random variables A, B, C, a, b, c, a, /? and 7 with outcomes 1 and -1 |12Hl4|: 



ix) = {ABC) + {bca) + (7a/3) + {Aaa) + {bB/S) - {-/cC) < 4. (4) 



However, this inequality violates for a quantum system known as Peres-Mermin square: 

a = 1^0 ay, b = ay0l'^, c = ay® a'^, 
a = al(g)ay, p = al®al, j = al(g)a'^, 

where upper index represents two-dimensional subsystem of a four-dimensional system and I - identity 
operator, Uj - Pauli matrices. For an arbitrary state mean value (x) is equal to 6. 

Now let us consider entropic inequality. It is based on Shannon entropy. Here we will give definitions 
and important properties of this entropy. Shannon entropy for a discrete random variable defines as 
follows: 

H{A) = -Y^P{A = a) log2 P{A = a), 

a 

where P{A = a) is a probability of an elementary outcome. Then we can define entropy for a joint 
probability distribution and conditional entropy: 

H{AB) = - ^ P{A = a,B = b) loga P{A = a,B = b); H{A\B) = ^ P{B = b)H{A\B = b), 

a,b b 

where H{A\B = b) = — Y^^ P{A = a\B = b) log2 P{A = a\B = b). According to these definitions, there 
can be simply derived these properties: 

H{AB) = H{A\B) + H{B); H{A\B) < H{A) < H{AB). 

Based on this two properties, the following statement can be proved (for example, using mathematical 
induction) - the system of n random variables is noncontextual implies that the following inequality takes 
place: 

H{AMn) < H{AM2) + H{A2\A^) + ... + H{An-l\An). (5) 

Now we can apply this inequality for a special quantum system - 5 projectors Ri = \Ai){Ai\ in three- 
dimensional Hilbert space, where \Ai) _L lAj+i), \Aq) = \Ai) for i = 1,2, ...,5. Every projector has 
two eigenvalues: and 1. Thus, we can connect with each projector a probability distribution with two 
elementary outcomes: and 1. If we take an arbitrary state |^), this probability distribution for the 
projector Ri will be: 

_ /K-4j|^)P, if the outcome is 1 

ll-|(y4j|^)P, if the outcome is 

We can also construct joint probability distributions -Pi,i+i for neighboring projectors due to \Ai) _L 

l^i+i), \A(i) = \Ai) for i = 1,2,..., 5: 

'l- \{Ai\^)\^ - |(^i+i|^)p, if the outcome is 00 

|(Aj|^)P, if the outcome is 10 

|(Aj+i|*)|2, if the outcome is 01 

0, if the outcome is 11 



j,i+l 



After definition of these probability distributions we are able to calculate conditional entropies H(Ai\Ai^i) ■ 
H(^Ai,Ai^i) — H(Ai^i) and to check entropy inequality. The violation of this inequality was discovered 
on the following vectors El: 



l^> 



fsme\ 

cos 6 
\ / 



1^1 



/ y/cOS 2<t> \ 

\/2 cos (,' 
tant/) 

V 72 I 



\An 




\M) = h |^4> = coscA I ; lA) = (lAl) X |^4»/|||^l) X |^4>||, 
\0/ Vsinc 

where the angles were: = 0.2366, = 0.1698. 

This inequality will be studied further. In section 4 we will show, how to calculate probabilities, 
introduced above, using the tomographic picture of quantum mechanics. 



3 Spin tomograms 

In this section we will review construction of spin tomograms according to the general scheme of 
tomographic symbols 15 . In general case, we consider a Hilbert space K with an operator A acting 



on it. Let us suppose that we have operator function l](x) depending on x = (xi,X2, ...,Xn)-set of n 
parameters. Then, we can construct a c-number function 

f^[x) = TT{AlJ{x)\. 

Let us suppose the relation has an inverse, i.e., there exists a set of operators D(x) such that 



A 



f Ax)b{x)dx. 



Function /^(x) is called tomographic symbol of operator A and operator \J(x) called dequantizer, D{x) 
- quantizer. 

Let us represent an arbitrary operator AS^' by the matrix 



where 
and 



^mm' = (j"^|i^^^|jm'), m = -j, -j + 1, ...,j, 
h\jm) = m\jm); f\jm) = j{j + l)\jm), 



m=—j m'=—j 

Now let us introduce a finite rotation operator U of SU{2) group. Then we can determine dequantizer 
as follows 

U{x) = U\jmi){j'mi\U^ . 



Rotation transform U depends on Euler angles a, /3,7, and matrix elements of this transform are 



where 



"■m'myP) 



(j + m')\{j — m'y. 



m —m 



P \ I ■ P \ j~,{m' -m,m' +m) / n\ 

cos-1 (^1^2/ ^-™' (cos/3), 



{j + m) ! (j — ra) ! 
where Pn' {x) is Jacobi polynomial. Then tomographic symbol a;(x) = Tr[AU {x)] will be: 

a;(mi,a,/3)= J] J] Z^iJJ^, (a,/3,7)AS,™^^Sk(«' /^^t)- (8) 

The inverse map between A^^> and w(x) can be achieved with following quantizer D{x): 

Bi^l{a,P) = i-ir^ f; ( ^ ^ A if )(a,/3), 
if) («,/?) = (2 J3 + l)' ^ j; |M)$fj^,(a,/3)0W2|, 

Then, for i") we will have: 

„■ 27r 271" 7r 

i(^) = Yl I ^^{rni,a,l3)B[i\{a,l3)- f dQ = f da f dj f sin pdp. (9) 

mi=-j 

We can also construct a dual tomographic symbol u!'^{x): u'^{x) = Tr[AD{x)]. It will allow us to calculate 
average value of an arbitrary observable A: 

{A) = Tr[pA] = j LOp{x)uj\{x)dx. (10) 

4 Entropic inequality in framework of spin tomography 

In this section we will apply formalism of spin tomograms to calculate probabilities and, hence, 
Shannon entropies. As it was showed (JGl), we need to calculate probabilities |(^j|^)p. Using equation 



(10) for mean value of an observable, we can achieve: 

|(^i|*)|2 = {^R,\^) = Tr[pR,] = j ui,{x)u\{x)dx, 



where p = |^)(^| and Ri = \Ai){Ai\. Let us show, that for three-dimensional Hilbert space and its 
real vectors |^) and \Ai) we will get the same result for calculating |(^j|^)p, as in traditional quantum 

(sin( 
cos 6* I and an 


arbitrary real vector |A) = Aq \. First of all, we will derive ojp{x): 



1 1 

a;p(m,a,/3)= J^ J^ D^JJ^, (q,/3,7)p„/„/ D^JJ;;, (q,/3,7) 

m'j^=— 1 m'2=—l 



E E ^;;;L',(/3)pk-'.^™!:^(/3)^^^"'^-"^'^^"; 



Sm^e sin20 QN 



/^(l + cos/3) 45sin/3 i(l-cos/3)\ 



0- 



2 





^ 



■ -7= sin /3 cos /3 



^sin/3 



^^(l-cos/S) -^ sin/3 i(l + cos/3)y 



Eventually, spin tomogram will be: 



^" "\2-2q , !„■ 2o„„„2/' 1 



ijjp{l,a,l3) = -(1 + cos/3) sin ^ + -sin /3cos ^ H -i= sin/3(l + cos/3) sin 20 cos a; 

4 2 2\/ 2 

a;p(0, a,/3) = -sin /3sin + cos /3cos 6 ^ sin 2/3 sin 20 cos a; 

2 2\/2 



1 '- "^2„• 2/3 I !„• 2fl „2/ 



a;p(— 1, a, /3) = -(1 — cos/3) sin H — sin /3cos 



1 



2^/2 



sin /3(1 — cos /3) sin 26 cos a. 



Now let us derive w^fx): 



(11) 

(12) 
(13) 



(-ir 



R^ 



87r2 



i3=o 



1 1 is 

m —m 



1 1 



4K«>/5) = ^^E(1 1 'nl (2^3 + 1)^ E E ^K^™^(-ir^ 



2X 



1 1 



J3 



J3 

E ^S(«'/3'7)( \ 



m3=-j3 



After numerous calculations we can achieve: 

3m 
16^ 



w|(m,Q,/3) = ;^3^-^(^? + ^?_i+^g) + -^[\/2(^iAo + ^-i^o)sin/3cosa + cos/3(^f -^^i)] + 



247r2 



+ 



5(3m2 



487r^ 



-4 

[3AiA__icos2asin^/3 + -^{AiAq - A_iAo) sin2/3cosa + 



V2 
1 



(Aj + ^2 ^ - 2Al){3cos^/3 - 1)] . (14) 



So, finally, we need to calculate following integral: 

1 277 27r TT 



|(A|^)|2 = (i?) = Y^ f da f d-f f copuj^sin 13 dp = Alsm^e + 2AiAQ sin 9 cose + Alcos'^e 

^=-^ 

= (Aisin6' + Aocos6')^ 
As we can see, it is equal to what we calculate using standard scalar product. 



(15) 



5 Spin tomograms and joint probability 

One can see that the vectors \Ak) and |^) (which were introduced in sec. 2) can be written in the 
form 

\Ak) = UklA-s), k = 1,2,4,5; \^) = U^\A^). 



The matrices Uk and U^ are the unitary matrices: 



/ v'cos 2(j} 



U^ 



V2cos4> -y/3cos2(/,-l 

tan (A 



tan 



i2</. \ 



V2 

\ 73 





•^cos 24> 
y Scos^ (/)— 1 



3 cos 20+1 
2 cos fi— tan <h sin c 



V3cos2(/>+l 
sin0 
V3cos20+T J 



Uo 









1 


COS0 


svncf) 





- sin 6 


cosd) 






Ua 








1' 



— sin (j) 
cos fli > 



f/5 



/_ a/cos 24> cos(j> 

V^cos(/) -y/3cos2(/)-l 
tan (A 



'20 \ 



?7,/^ 



I sin 6 

cos sin 
V 







\/cos 20 
•^3cos2 0—1 

COS 61 0^ 



tang.,, 3 cos 20+1 

2 cos 0— tan sin . 
V3 cos 20+r~ 

sin0 
73cos2^+T 



These matrices contain as their columns the normalized eigenvectors of five projectors P^ = \Ak) {Ak\, k = 
1, 2,4, 5,V'- These projectors can be interpreted as density operators corresponding to the "pure states" 
l^fc) and 1^). According to the general construction, these density operators provide the state tomograms 
which are analogs of qutrit tomogram, given in the form: 



ojk{m,lt) = {m\UPkU''\m) = {m\UUkPzUlu^\m), k = 1,2,4,5,^^; 



(16) 



ft 




There matrix U is the matrix of irreducable representation of rotation group SU{2) and it is expressed 
in terms of Euler angles by equation ([7]). The following tomograms are presented in Appendix. Figure 



QJ(-I) 




1.0 1.0 



Figure 1. A set of spin tomograms for the state IV') and all projectors accept third 



[I] shows graphs of tomograms for Pi, where i = 1,2,4,5,V' and = 0.7, 9 = 0.5(second and fourth are 
green and red and occupy the same area). The tomographic symbol for i = 3 is represented by a curve. 

The fidelities providing the probability distributions are given in terms of tomograms in the following 
form 1161: 



Tr[P,P,] = (2, + 1) E / ^[' • '^^' ' ■ '^ "^' ^'-'^ '^ 



ujk{m, n ) - -Ukim +1, n) - -ujk{m - 1, n )]uj^{m, n ), (17) 



m=-] 



52 



ilt 



2-7r TV 



where j = 1; m = —1,0, 1 and integration is produced over the sphere: J -^ = f J difsinOdO; n 

52 '^ 00 



cos ip sm ( 

sin(/9sin^ | . Members ujk{—j — 1)"^) and ujkij + 1,^) of the sum above are zeros. 
cos6' 



Calculations give the same result as in equation (15) 



6 Unitary tomogram 

Now we will introduce more common, unitary tomogram, based on U{n) group 
to qutrit system. The parametrization U{n) is taken from |18| : 

An G U{n); On G Oin); As = dsOsdlOldj; Ji,i+i 



17 . We will apply it 



fh-i \ 

COS 6i — sin Oi 

sin 6*4 cos^i 

In-^-l) 



\ 



d 



^h 







'" '^ I diag(e*'^i,...,e*^"-'= 



Qk 



n—k 



^ ' ^'^ ~ Jn-l,nJn-2,n-l---Jl,2'i 

^ On-kJ 

ds = diag(e*^\e*^2^e*^3); 4 = diag(l, e*"^*, e'^^). ^2 ^ diag(l, 1, e*^«); (fi G [0;27r) 



'10 \ /cos6'i -sin6'i 0^ 

cos 6*1 I = 



O3 = J2,3Ji,2 = COS ^2 -sin 6*2 sin^i 

\o sin6'2 COS6I2 / \ 1 



ol 



cos ^1 — sin 9i 

cos 02 sin 6*1 cos ^2 cos 9i — sin ^2 
i^sin 02 sin 0i sin 6*2 cos ^1 cos 6*2 

'10 \ 

, ^ [«' 2 ] 

j^O sin03 cos 03 / 

^1 0^ 




If we now 



a;(l) = cos^^i 



/I U U \ '^X^J — COS PI 

calculate the tomogram a; (?n,, A3) = (m|A3 A3 |m), we will achieve: a;(0) = cos^ ^2 sin^ 6*1 ; 

\ n r\ n I , ,/ i \ _ „;„2 /i „;„2 /)_ 



a;(-l) = sin^ 6*1 sin^ 6^2 



\0 0/ a;(-l) = sin^0is 

01,^2 G [0; |]. If one builds a graph of this 2-dimensional surface, it will occupy the whole simplex(see 
Figure [2]). 

7 Summary 

To resume we point out the main results of our work. The problem of noncontextuality for measuring 
observables in three-dimensional Hilbert space discussed in [4|7] is studied in spin-tomographic probability 
representation of quantum mechanics. The example of five observables, which in the case of the projectors 
are standard probability distribution, are mapped onto the corresponding regions on the two-dimensional 
simplex. The probability distributions obtained in [4|[7] by using standard Born rule are expressed 
in terms of the tomographic probability distributions related to the projectors(observables) and the 
tomogram of the state when the observables are measured. The mutual relation between the different 
probability distribution involved in the calculating violation of inequalities which characterize existence 
of a joint probability distribution for all measured variables is discussed. 



QJ(-I) 




1.0 1.0 



Figure 2. A surface, corresponding to the unitary tomogram 



8 Appendix 



The result of calculating tomograms for projectors Ri = \Ai){Ai\, i = 1, ..., 5 in section 5: 



-> ^(l + cos/3)2 + (l-cos/3)2 + 2sin2/3tanV + 2^^sin2/3cos2a 



+ 



cos^I'" ^^^ ^^^ ~^ ^°® f^") ^°^ '^ "*" ^^^ '^ sin /3(1 — cos (3) cos a 

2^2 ' 

2 O I cos20 ■ 2 O r, Vcos2(?!) ^;^2 



-:^^ 



a;i(0, n 



2 cos^ /3 tan^ + sin^ /3 + ^ sin^ /3 - 2^^;^ sin^ /3 cos 2a tan </. sin 2/3 cos a 



+ 



2^/2 



^^°2 f' sin (/) sin 2/3 cos a 

2^2 ' 



. ^(l-cos/3)2 + (l + cos/3)2 + 2sin2/3tan2,/. + 2^g2sin2/3cos2a 
cji(-l, n) = ^ ^ 



Vcos 2(/) sin (/) 
cos' 



t^^^ sin /3(1 — cos /3) cos a + tan sin /3(1 + cos /3) cos a 

2^2 ' 



10 



, _v, 2cos^(/)sin^/3 + sin^ 1^(1 — cos/?)^ sin2(/)sm/3(l — cos/3) cosa 

UJ2{l,n) = — ; 

4 2^/2 

v 2 cos^ (/) cos^ /3 + sin^ (^ sin /3^ sin 20 sin 2/3 cos a 
"^(°' "^ = 2 ^ ' 

_v 2cos^ (/)sin^ /3 + sin^ (/>(1 + cos/3)^ sin 20 sin /3(1 + cos /3) cos a 
4 2^/2 

a;3(l, n) = cos -; 



W3(0,^) 



a;3(— 1, n ) = sin^ 



sin^/3 

13 



2' 



_v 2cos (/)sin /3 + sin (/)(1 — cos/3) sin 20 sin /3(1 — cos /3) cos a 

UJ4{1, n) = \ ^ ; 

4 2^/2 

2 cos^ cos^ /3 + sin^ sin /3^ sin 20 sin 2/3 cos a 



i. Z: UU& (/y UUb /LI -|- Dill (/^ Sill /LI 

a;4(0, ri) = + 

a;4(-l,Tt) 



2 2^/2 

2cos^ 0sin^/3 + sin^0(l + cos/3)^ sin20sin/3(l + cos /3) cos a 
4 2^2 ' 



^ ^(l + cos/3)2 + (l-cos/3)2 + 2sin2/3tan2 0-2^g^sin2/3cos2a 
^5(1, n) = ^ + 

^""coST'^ ^^^ 1^^'^ + ^^^ ^^ ^°^ a - tan sin /3(1 - cos /3) cos a 

^ 271 ' 

2 cos2 /3 tan2 + sin^ /3 + 22p| sin^ /3 + 2^^ sin^ /3 cos 2a tan sin 2/3 cos « 



^5(0, n' 



U5 



(-1,^) 



4 2\/2 

^^^^ sin sin 2/3 cos a 

271 ' 

52s2|(i _ ^os/3)2 + (1 + cos/3)2 + 2sin2/3tan2 - 2 ^Hf sin^ /3 cos 2a 

8 

^''°cos^T'^ ^^^^C^ - ^os/^) COS a - tan0sin;3(l + cos/3) cos a 

2v/2 



The spin tomogram for \tp) was presented in section 4. 
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